I. INTRODUCTION
The increasing collection of high accuracy data from cosmological observations, at both background and perturbation levels, as well as the existing theoretical arguments, led to an enhanced interest in investigating the possibility that the fundamental gravitational theory is not general relativity but a modified theory which accepts the latter as a low-energy limit [1, 2] ). Amongst the various modified gravity constructions one may have torsional gravity (for a review see [3] ), which arises from an extension of the Teleparallel Equivalent of General Relativity (TEGR) [4] [5] [6] [7] . Hence, one can construct modifications such as f (T ) gravity [3, , f (T, T G ) gravity [38, 39] , scalar-torsion theories [40, 41] , etc.
Perhaps the most crucial question in every modified gravity is the determination of the involved arbitrary function. Although some general features can be extracted through theoretical arguments, such as the existence of Noether symmetries, the absence of ghosts, the stability of perturbations, etc, the basic tool that one has is the confrontation with observations. In these lines, in the case of f (T ) gravity there has been a large amount of research towards this direction using solar system data [42] [43] [44] , gravitational waves data [45] [46] [47] , as well as cosmological ones [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] .
Up to now, the confrontation with cosmological data used mainly expansion data, namely data related to the background evolution, such that Supernovae type Ia data (SNIa), Cosmic Microwave Background (CMB) shift pa- * Electronic address: fotis-anagnostopoulos@hotmail.com † Electronic address: svasil@academyofathens.gr ‡ Electronic address: msaridak@phys.uoa.gr rameters, Baryonic Acoustic Oscillations (BAO), and Hubble data observations. Large scale structure data were also applied, nevertheless they were used under the imposition of specific growth-index parameterizations [50] . Hence, it would be interesting to investigate what would be the constraints on f (T ) gravity that arise from a Bayesian analysis using f σ 8 data in a model-independent way, namely without assuming any form for the growth index.
In the present work we perform such a general analysis, in order to extract the constraints on f (T ) gravity from f σ 8 data. As we see, we obtain better constraints comparing to all other data sets apart from CMB shift parameter. Nevertheless, the interesting novel feature is that although the previous observational confrontation showed that the power-law, f 1 CDM, model was the most well-fit one, the current analysis shows that the exponential, f 3 CDM, model is the one that is preferred.
The plan of the work is the following: In Section II we present f (T ) gravity and we provide the cosmological equations at both background and perturbation levels. In Section III we present the various datasets and the methodology that we use. Then, in Section IV we present the obtained results and the corresponding contour plots. Finally, Section V is devoted to the conclusions.
II. f (T ) GRAVITY AND COSMOLOGY
In this section we review the cosmological equations in the framework of f (T ) gravity. For its formulation one uses the vierbeins fields e A (x µ ) as dynamical variables, which at a manifold point x µ form an orthonormal basis (e A · e B = η AB with η AB = diag(1, −1, −1, −1)). In a coordinate basis they read as e A = e µ A ∂ µ and the metric is given by
with Greek and Latin indices used for the coordinate and tangent space respectively. Concerning the connection one introduces the Weitzenböck one, namely [59] , and thus the corresponding torsion tensor becomes
The torsion tensor contains all the information of the gravitational field, and its contraction provides the torsion scalar
which forms the Lagrangian of teleparallel gravity (in similar lines to the fact that the Ricci scalar forms the Lagrangian of general relativity). Variation of the teleparallel action in terms of the vierbeins gives the same equations with general relativity, and thus the constructed theory was named teleparallel equivalent of general relativity (TEGR). One can use TEGR as the starting point of gravitational modifications. The simplest direction is to generalize T to a function T + f (T ) in the action, namely [3] 
with e = det(e A µ ) = √ −g, G the gravitational constant (we set the light speed to 1 for simplicity), and where we have also included the total matter Lagrangian L m for completeness. Varying the above action we extract the field equations:
where we have defined
and moreover em T ρ ν stands for the total matter (i.e. baryonic and dark matter and radiation) energy-momentum tensor. Additionally, we have introduced the "super-
is the contorsion tensor.
A. Background behavior
In order to proceed to the cosmological application of f (T ) gravity we impose the homogeneous and isotropic flat Friedmann-Robertson-Walker (FRW) geometry
which corresponds to the vierbein choice e A µ = diag (1, a, a, a) , with a(t) the scale factor. Inserting this choice into (5) we extract the Friedmann equations for f (T ) cosmology as
where H ≡ȧ/a is the Hubble function and dots denote derivatives with respect to t. Moreover, in the above equations ρ m , ρ r and P m , P r are the energy densities and pressures of the matter and radiation sectors respectively, which are considered to constitute the total matter energy-momentum tensor. Finally, note that in FRW geometry the torsion scalar (3) becomes T = −6H 2 , and such an interchanging relation between T and H 2 proves to be very helpful.
Observing the form of the first Friedmann equation (7) we deduce that we can define an effective dark energy sector with energy density and pressure respectively given by
and thus its equation-of-state parameter becomes
We mention that the cosmological equations close by considering the conservation equations of matter and radiation sectors:ρ
which according to (7) , (8) then imply the conservation of the effective dark-energy sector too, namelẏ
In order to elaborate the modified Friedmann equations, following [50, 56] we introduce
where
, with H 0 the present value of the Hubble function (from now on the subscript "0" denotes the value of a quantity at present). Additionally, as the independent variable we use the redshift z = a0 a − 1, with a 0 the current scale factor set to one for simplicity. As usual, we consider the matter sector to be dust, namely w m ≡ P m /ρ m = 0, and thus (12) implies that
3 , and similarly imposing for the radiation sector w r ≡ P r /ρ r = 1/3 from (14) we obtain ρ r = ρ r0 (1 + z) 4 . Hence, the Friedmann equation (7) can be expressed as (16) where
In these expressions we have introduced the density pa-
with Ω m0 , Ω r0 their present values, and we have defined
Hence, the effect of f (T ) gravity at the background level is quantified by the function y(z, r), normalized to unity at present time. This quantity depends on Ω m0 and Ω r0 , as well as on the parameters r 1 , r 2 , ... (assembled to the vector r) that a specific f (T ) model includes. Finally, as expected, in the limit of ΛCDM cosmology, i.e. for f (T ) = const., the function y(z, r) is just a constant.
B. Linear matter perturbations
In any cosmological model, at sub-horizon scales and through matter epoch, the basic equation that determines the evolution of the matter perturbations in the linear regime is [60] [61] [62] [63] [64] [65] [66] 
where δ m ≡ δρ m /ρ m is the matter overdensity. In the above equation one introduces the effective Newton's constant G eff (a) = G N Q(a), with G N the gravitational constant appearing in the action of the theory, which reflects the information of the gravitational modification. In general G eff (a) is varying, and the specific form of Q(a) is determined by the underlying gravitational theory. For general-relativity we have G eff (a) = G N (i.e. Q(a) = 1) and thus (19) provides the usual evolution equation for matter over-density [67] . From the above discussion it becomes obvious that we can apply this general perturbation treatment in the case of f (T ) cosmology, as long as we know the form of G eff (a), or equivalently Q(a), of f (T ) gravity. It is relatively easy to show that for f (T ) gravity [12, 50] 
a relation that arises from the complete perturbation analysis [10] . Note that this expression is significantly simpler than the corresponding one of f (R) gravity, since the latter includes a scale dependence.
Let us make a comment here, on the usual handling of perturbation growth in the literature. In order to confront the theoretical calculations with observations it is common practice to introduce the clustering growth rate as [67] 
where γ is the growth index. In the case of dark energy scenarios in the framework of general relativity, with constant equation-of-state parameter w, the growth index is well approximated by γ ≃ 3(w−1) 6w−5 [61, [68] [69] [70] [71] [72] , which for ΛCDM cosmology (w = −1) reduces to γ ≈ 6/11. Inserting (21) into Eq. (19) we find
with
where we have used the relations [50, 66] w(a)
and thus
We would like to mention that the above semi-analytical approximation of the growth rate, although convenient and useful at specific investigations, seems to reduce the numerical burden of the analysis and also to serve as a null diagnostic for the nature of dark energy. However, for different models than the concordance ΛCDM one, the approximation error increases as a function of the model parameters. This property could possibly flaw the extracted parameter values and the subsequent model selection. Furthermore, one needs to add at least one extra free parameter to the likelihood analysis. In summary, for the above reasons, in the following we prefer not to use this approximation and use the f σ 8 data in a completely model-independent, Bayesian way. In this way, namely using the full numerical solution of (19) instead of the growth index (γ(z)) semi-analytical approximation, we have the advantage of a reduced numerical error, as well as the independence from a certain gamma parameterization.
C. Specific f (T ) models
We close this section by presenting three specific viable f (T ) models with two parameters, one of which is inde-pendent, i.e models that are efficient in successfully passing the confrontation with observations [50, 56] . Furthermore, we quantify their deviation from ΛCDM paradigm in a unified way, through the function y(z, r) of (17) and a distortion parameter b.
1. The power-law model [8] 
Inserting it into (7) at present time we find
and hence the only free parameter is b. Additionally, (17) leads to
Thus, for b = 0 the model f 1 CDM reduces to ΛCDM cosmology, i.e. T + f (T ) = T − 2Λ, with
In this case Eq. (7) at present gives
while (17) leads to
f 2 CDM model reduces to ΛCDM paradigm for p → +∞, and thus we can replace p by p = 1/b, acquiring
which tends to 1 for b → 0 + .
3. The exponential model (hereafter f 3 CDM) [50] :
In this case
and
Finally, we may re-write these expressions using p = 1/b, obtaining
which implies that for b → 0 + the f 3 CDM model reduces to ΛCDM one.
III. DATA AND METHODOLOGY
In this section we first present the various data sets and subsequently we describe the statistical methods that we employ. In particular, we use f σ 8 data, data from direct measurements of the Hubble parameter, and data from standard candles (SNIa). As a next step, we assess the quality of the fit with the aid of various information criteria. In what follows, we present explicitly the aforementioned steps.
A. Cosmological probes
fσ8 data
An almost model-independent cosmological probe, namely the f σ 8 product, arises from the analysis of redshift-space distortions [73] . In the aforementioned product, f (z) is the growth rate of clustering and σ 8 is the effective variance of the density function within spheres of radius 8 h −1 M pc, where linear perturbations is a good approximation. There is a large number of data points available in the literature. Hence, a usual problem that appears is that the degree of overlap between surveys is in general unknown, thus there are unknown correlations between the data points, which in turn makes the standard joint likelihood analysis unsuitable. For the above reasons, we choose to use a compilation of f σ 8 data that has been explicitly checked in terms of its robustness using information theoretical methods (see [74] and in particular their Table I , with the corresponding references). The relevant chi-square function reads 
Direct measurements of the Hubble expansion
From the latest H(z) data set compilation available, Ref. [75] , we use only data obtained from cosmic chronometers (CC). These are massive galaxies evolving "slowly" at certain intervals of the cosmic time. By using their differential age, one can measure the Hubble rate directly (see e.g. Ref. [76] and references therein). A striking advantage of the differential age of passive evolving galaxies is that the resulting measurement of the Hubble rate comes without any assumptions for the underlying cosmology. Our study incorporates N = 31 measurements of the Hubble expansion in the redshift range 0.07 z 2.0.
Here, the corresponding χ 2 H function reads
} and H i are the observed Hubble rates at redshift z i (i = 1, ..., N ).
Standard Candles
A "standard" or "standarizable" candle is a luminous extra-galactic astrophysical object with observable features that are independent of the cosmic time. The most studied standard candles are, arguably, Supernovae Type Ia (SNIa). We include in our analysis the most recent SNIa set data available, namely the binned Pantheon sample of Scolnic et. al. [77] . As discussed in the latter, the full dataset is very well approximated with the binned dataset of N = 40 data points in the redshift range 0.01 z 1.6. The chi-square function of the SN Ia data is given by
The distance modulus is given as µ i = µ B,i − M, where µ B,i is the apparent magnitude at maximum in the rest frame for redshift z i , while the quantity M is a hyperparameter (see [77] and references therein), quantifying uncertainties from various origins (astrophysical, datareduction pipeline, etc). Furthermore, the theoretical form of the distance modulus reads
is the luminosity distance, for spatially flat FRWL geometry. It is apparent that M and the normalized Hubble constant h are intrinsically degenerate in the context of the Pantheon data set, and therefore we are not in position to obtain any physical information regarding H 0 from SNIa data alone.
Joint analysis
In order to perform a joint statistical analysis of P cosmological probes (in our case P = 3), we need to use the total likelihood function
Moreover, the χ 2 tot expression is given by
The statistical vector has dimension k, that is ν parameters of the model at hand plus the number ν hyp of hyper-parameters from the data sets used, resulting to k = ν + ν hyp . However, there is no difference between the intrinsic hyper-parameters of a given data set and the free parameters of a cosmological model from the statistical perspective. Regarding the problem of likelihood maximization, we use an affine-invariant Markov Chain Monte Carlo sampler [78] , as it is implemented within the opensource Python package emcee [79] . We used 900 chains (walkers) and 3000 steps (states). The convergence of the MCMC algorithm is checked with auto-correlation time considerations.
B. Information Criteria and Model Selection
For the purpose of comparing a set of cosmological models regarding to their empirical predictions given the data, we use the Akaike Information Criterion (AIC) [80] , the Bayesian Information Criterion (BIC) [81] , and the Deviance Information Criterion [82] .
The AIC criterion confronts the problem of model adequacy at the grounds of information theory. Specifically, it is an estimator of the Kullback-Leibler information with the property of asymptotically unbiasedness. Within the standard assumption of Gaussian errors, the AIC estimator is given by [83, 84] 
where L max is the maximum likelihood of the data set(s) under consideration and N tot is the total number of data points. Naturally, for large number of data points N tot , this expression reduces to AIC ≃ −2 ln(L max )+2ψ, which corresponds to the ubiquitous form of the AIC criterion. Thus, it is preferable to use the modified AIC criterion in all cases [85] . The BIC criterion is an estimator of the Bayesian evidence (see e.g. [83] [84] [85] and references therein), and is given as
The DIC criterion is formulated using concepts from both Bayesian statistics and information theory [82] and is given as [85] 
where C B is referred as Bayesian complexity. In particular, (27) , for the square-root exponential model f2CDM model (30) , and for the exponential model f3CDM model (34) . For direct comparison we additionally include the concordance ΛCDM scenario. Bayesian Deviation, which for a general class of distributions, that is the exponential family, it corresponds to D(φ ω ) = −2 ln(L(φ ω )). This quantity is closely connected to the effective degrees of freedom [82] , which is the number of parameters that actually contribute to the fitting. To illustrate this, considering a model with a set of free parameters S, and a data set D, it is possible that we will be able to constrain only a subset of S. While AIC and BIC criteria will penalize the model using the total number of free parameters, DIC criterion will "count" only the effective number of parameters in the context of D. Moreover, DIC utilizes the full log-likelihood sampling instead of just the maximum. In theory, employing only the likelihood value at the peak in our Bayesian framework could reduce the accuracy of the L max , as we calculate the mean value of the likelihood inside the 1σ area. However, by using "long" chains, we obtain L max values with enough accuracy to use them to calculate AIC and BIC. An appealing feature of DIC is that, given the MCMC samples, its calculation is computationally cheap.
Given a set of rival models, our task is to rank the models at hand according to their fitting quality at the empirical data. We utilize the criteria presented previously, and more specifically the relative difference of the IC value for the given set of models, ∆IC model = IC model − IC min , where the IC min is the minimum IC value in the set of competing models. We assign "probability of correctness" to each model using the following rule [83, 84] :
where i runs over the set of n models under consideration. In a direct analogy to the Bayes ratio [86] , the quantity ∆IC 1 /∆IC 2 could be thought as a measure of the relative strength of observational support between the two models. Further, in the context of the Jeffreys scale, as defined in [87] , the condition ∆IC ≤ 2, corresponds to statistical compatibility of the model at hand with the most favoured model by the data, while the condition 2 < ∆IC < 6 implies a middle tension between the two models, and the condition ∆IC ≥ 10 suggests a strong tension.
IV. RESULTS
In this section we confront f (T ) gravity, and in particular the three models f 1 CDM, f 2 CDM, f 3 CDM presented in subsection II C, with the above observational datasets, following the aforementioned methods. The results for the parameters are summarized in Table I . Additionally, in Figs. 1, 2, 3 we present the corresponding contour plots for each model respectively.
Comparing the current results with the corresponding ones obtained using H(z) and Standard Candles data in [56] , we report ∼ 1σ compatibility in all cases. However, in the present work we have obtained ∼ 40% smaller b values, and ∼ 17% larger matter-energy densities values, while the error bars are about the same. A possible interpretation of the matter -energy density increment could be that it arises from the Pantheon SN Ia sample that we use here instead of the JLA one (see [77] for this effect on ΛCDM).
We close this section by testing the statistical significance of our constraints. We implement the AIC, BIC and DIC criteria described in subsection III B, and we present the results in Table II . A general conclusion is that the concordance ΛCDM paradigm seems to be favoured by the AIC and BIC criteria. However, within the Deviance Information Criterion, the f 3 CDM model seems to be favoured with a very small difference between the competing models, and this is a novel result comparing to previous observational works, where f 1 CDM model seemed to be the most favoured one [50, 56] . As we discussed in section III, in general the DIC criterion is more credible than the other two since it considers the effective parameters number and moreover it takes into account the whole amount of information available from the sampling of the likelihood. Due to the small ∆IC differences (≪ 2) between the competing models, we are not in position to discriminate between them, and thus they can be considered as statistically equivalent.
V. CONCLUSIONS
In this work we used observational data from Supernovae (SNIa) Pantheon sample, from direct measurements of the Hubble parameter that is cosmic chronometers (CC), and from redshift space distortions measurements (f σ 8 ), in order to constrain f (T ) gravity. Additionally, we did not follow the common γ parameterization within the semi-analytical approximation of the growth rate, in order to avoid model dependent uncertainties. Up to our knowledge this is the first time that f (T ) gravity is analyzed within a Bayesian framework, and with background and perturbation behaviour considered jointly.
We considered three f (T ) models, which are viable since they pass the basic observational tests, and we quantified their deviation from ΛCDM cosmology through a sole parameter. Our analysis revealed that these f (T ) models are able to describe adequately the f σ 8 data. Furthermore, by applying AIC and BIC criteria we deduced that ΛCDM cosmology is still favoured by the CC+f σ 8 +Pantheon joint analysis. The extracted parameter values are in good agreement with previous observational analyses which used only background data [56] , however an interesting finding is that while the previous works favoured f 1 CDM model, the present investigation seems to favour f 3 CDM one.
Finally, applying the more efficient DIC criterion we saw that the smallness of ∆IC suggest statistical equivalence between f 2 CDM,f 3 CDM and the concordance ΛCDM cosmology. This could offer a motivation for using these two models for developing a new, more competitive f (T ) scenario. in summary, f (T ) modified gravity is a good candidate for the description of nature and deserves further investigation.
